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In our notation, the torsion-free expressions of General Relativity are denoted with a hat on top, the
metric signature is (−,+,+,+) and we consider units in which the speed of light c = 1 . Unless otherwise
specified, Greek (Latin) letters denote spacetime (space) indices, bold letters denote tensor densities and
round (square) brackets around indices denote symmetry (antisymmetry), as usual :
g(μν) = 1

2(gμν + gνμ) , g[μν] = 1
2 (gμν − gνμ) and ∂σg

[μσ] = 1
2∂σ(

√−g(gμσ − gσμ)) with g = det(gμν) .

1 Motivation

In modern literature about non-symmetric theories of gravity such as the nonsymmetric gravitational
theory [5], metric-affine theories of gravity [6] or supergravity [8], the transposition invariance is not
imposed to the field equations. Albert Einstein introduced the requirement of transposition invariance
in his last proposal for a relativistic theory of the non-symmetric field [1][2][3][4] and considered it as a
fundamental principle serving to restrict the manifold of non-symmetric real expressions.

Plan of the paper. In section 2, we illustrate the requirement of transposition invariance by giving two
important examples. In section 3, we derive the framework of non-symmetric f(R) theories of gravity
with non-symmetric metric and non-symmetric affine connection. In section 4, using the particular case
of metric-affine f(R) theories of gravity with symmetric metric and non-symmetric affine connection,
we show that the requirement of transposition invariance leads to formally simpler and stronger field
equations. In sections 5-6, we use the simplest metric-affine theory of gravity with torsion to physically
reinterpret the ΛCDM cosmological by relating dark energy to the torsion of spacetime. In section 7,
we show that the requirement of transposition invariance leads to formally simpler and stronger field
equations for supergravity. In appendix A, we emphasize the consequences of imposing the transposition
invariance to the metric-affine-vielbein formalism. In appendix B, we reply to common questions received
about this paper.

2 The requirement of transposition invariance

The requirement of transposition invariance is a “weak condition of symmetry” that can be used to
constrain non-symmetric real expressions (see [3] p128 or [4] p149).

A first example concerning the covariant derivative : if we replace gμν and Γλ
μν by their transposes gνμ

and Γλ
νμ in the expression ∂λgμν + Γμ

σλg
σν + Γν

λσg
μσ − Γσ

(λσ)g
μν , we obtain ∂λgνμ + Γμ

λσg
νσ + Γν

σλg
σμ −

Γσ
(λσ)g

νμ . If we interchange the free indices μ and ν in the latter, we get back the original expression
∂λgμν + Γμ

σλg
σν + Γν

λσg
μσ − Γσ

(λσ)g
μν . One can see that this would not be the case with an expression

such as ∂λgμν + Γμ
λσg

σν + Γν
λσg

μσ − Γσ
(λσ)g

μν .

A second example concerning the curvature tensor : if we replace Γλ
μν by its transpose Γλ

νμ in the
expression ∂σΓσ

μν − 1
2∂μΓσ

σν − 1
2∂νΓσ

μσ − Γσ
μτΓτ

σν + Γτ
μνΓσ

(στ ) , we obtain ∂σΓσ
νμ − 1

2∂μΓσ
νσ − 1

2∂νΓσ
σμ −

Γσ
τμΓτ

νσ + Γτ
νμΓσ

(στ ) . If we interchange the free indices μ and ν in the latter, we get back the original
expression ∂σΓσ

μν − 1
2∂μΓσ

σν − 1
2∂νΓσ

μσ − Γσ
μτΓτ

σν + Γτ
μνΓσ

(στ ) . One can see that this would not be the case
with an expression such as ∂σΓσ

μν − ∂μΓσ
σν − Γσ

μτΓτ
σν + Γτ

μνΓσ
στ .

As explained in [1][2], imposing the transposition invariance to non-symmetric real expressions is equiv-
alent to imposing the hermiticity to complex expressions (it would be similar to require gμν and Γλ

μν

to be complex hermitian with respect to μ and ν). The requirement of transposition invariance is the
cornerstone of this paper since it is systematically imposed to the non-symmetric field equations.
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3 Non-symmetric f(R) theories of gravity

We shall apply the method used in [2][3][4] to derive the field equations from the least action principle
δS = 0 where S = SG(gμν,Γλ

μν) + SM(gμν,Γλ
μν , ψ) where SG = 1

2κ

∫
d4x

√−gf(R) accounts for geometry
and SM =

∫
d4xLM accounts for matter (see [6] p8 for a detailed explanation). In order to derive

transposition invariant field equations, the curvature scalar R = gμνRμν shall be based on the curvature
tensor Rμν = ∂σΓσ

μν − 1
2∂μΓσ

σν − 1
2∂νΓσ

μσ − Γσ
μτΓτ

σν + Γτ
μνΓσ

(στ ) introduced by Albert Einstein in [2].

Since the matter action SM depends both on the metric and the affine connection, we have the stress-
energy tensor Tμν = − 2√−g

δLM
δgμν and the hypermomentum tensor Δμν

λ = − 2√−g
δLM
δΓλ

μν
(see [6](31) p9).

By variation of S with respect to the gμν and Γλ
μν , we obtain (a prime denotes a derivation by R) :

δS = 1
2κ

∫
d4x

√−g
(
Kμνδg

μν +Mμν
λ δΓλ

μν

)
+ 1

2κ

∫
d4x∂σ

(√−gT σ)
where :

Kμν = f ′(R)Rμν − 1
2f(R)gμν − κTμν

Mμν
λ = 1√−g

[
−∇λ

(
f ′(R)gμν)+ 1

2δ
μ
λ

(
∇σ

(
f ′(R)gσν) + Γτ

[τσ]f
′(R)gσν

)
+1

2δ
ν
λ

(
∇σ

(
f ′(R)gμσ)+ Γτ

[στ ]f
′(R)gμσ

)]
− κΔμν

λ

T σ = gμνδΓσ
μν − 1

2g
σνδΓτ

τν − 1
2g

μσδΓτ
μτ

with :

Rμν = ∂σΓσ
μν − 1

2∂μΓσ
σν − 1

2∂νΓσ
μσ − Γσ

μτΓτ
σν + Γτ

μνΓσ
(στ ) and R = gμνRμν

∇λ

(
f ′(R)gμν) = ∂λ

(
f ′(R)gμν)+ Γμ

σλf
′(R)gσν + Γν

λσf
′(R)gμσ − Γσ

(λσ)f
′(R)gμν

gμν =
√−ggμν

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(1)

The application of the least action principle leads to δS = 0 . The last term of the expression of
δS does not contribute to the integral since δΓλ

μν vanish at the boundary of integration. Hence, we

have the field equations Kμν = 0 and Mμν
λ = 0 . Moreover, one can verify that M [μσ]

σ = 0 implies
1√−g
∂σ(f ′(R)g[μσ]) + 2Γτ

[στ ]f
′(R)g(μσ) = 2κΔ[μσ]

σ . We therefore obtain the following field equations :

f ′(R)Rμν − 1
2f(R)gμν = κTμν

1√−g

[
−∇λ

(
f ′(R)gμν)+ 1

2δ
μ
λ

(
∇σ

(
f ′(R)gσν)+ Γτ

[τσ]f
′(R)gσν

)
+1

2δ
ν
λ

(
∇σ

(
f ′(R)gμσ)+ Γτ

[στ ]f
′(R)gμσ

)]
= κΔμν

λ

where :

Rμν = ∂σΓσ
μν − 1

2∂μΓσ
σν − 1

2∂νΓσ
μσ − Γσ

μτΓτ
σν + Γτ

μνΓσ
(στ ) and R = gμνRμν

∇λ

(
f ′(R)gμν) = ∂λ

(
f ′(R)gμν)+ Γμ

σλf
′(R)gσν + Γν

λσf
′(R)gμσ − Γσ

(λσ)f
′(R)gμν

gμν =
√−ggμν

with : 1√−g
∂σ

(
f ′(R)g[μσ]

)
+ 2Γτ

[στ ]f
′(R)g(μσ) = 2κΔ[μσ]

σ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(2)

The field equations (1)(2) are invariant under coordinates transformation and transposition invariant.
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It is important to note that the field equations (1)(2) do not require Γσ
[μσ] = 0 . In other words : the field

equations are derived without having to constrain the torsion tensor by adding Lagrange multipliers to
the action, which is not the case in [2] (see p734) and [6] (see (38) p10). In [2], two Lagrange multipliers
are added to the action to obtain the field equations ∂σg[μσ] = 0 and Γσ

[μσ] = 0 (see p731-733 for a detailed
explanation). In [6], a Lagrange multiplier is added to the action to obtain the field equation Γσ

[μσ] = 0
(see p9 for a detailed explanation).

4 Metric-affine f(R) theories of gravity

The field equations of metric-affine f(R) theories of gravity are a particular case of (1)(2) obtained by
supposing that the metric tensor gμν , the curvature tensor Rμν and the stress-energy tensor Tμν are
symmetric :

f ′(R)Rμν − 1
2f(R)gμν = κTμν

1√−g

[
−∇λ

(
f ′(R)gμν)+ 1

2δ
μ
λ

(
∇σ

(
f ′(R)gσν)+ Γτ

[τσ]f
′(R)gσν

)
+1

2δ
ν
λ

(
∇σ

(
f ′(R)gμσ)+ Γτ

[στ ]f
′(R)gμσ

)]
= κΔμν

λ

where :

Rμν = ∂σΓσ
(μν) − 1

2∂μΓσ
(σν) − 1

2∂νΓσ
(μσ) − Γσ

(μτ )Γ
τ
(σν) − Γσ

[μτ ]Γ
τ
[σν] + Γτ

(μν)Γ
σ
(στ ) and R = gμνRμν

∇λ
(
f ′(R)gμν) = ∂λ

(
f ′(R)gμν)+ Γμ

σλf
′(R)gσν + Γν

λσf
′(R)gμσ − Γσ

(λσ)f
′(R)gμν

gμν = gνμ , gμν =
√−ggμν , Rμν = Rνμ and Tμν = Tνμ

with : Γτ
[στ ]f

′(R)gμσ = κΔ[μσ]
σ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(3)

These field equations are formally simpler (they do not require Γσ
[μσ] = 0) and stronger (they do not

involve a Lagrange multiplier) than those derived in [6] (see (46)(47)(48) p10). This is due to the fact
that they are derived from a transposition invariant action, which is not the case in [6] (the curvature
tensor (41) used p10 to build the action is not transposition invariant).

There are other advantages coming from the requirement of transposition invariance. For instance, the
affine connection Γλ

μν becomes symmetric when the hypermomentum tensor Δμν
λ is symmetric : if we take

the antisymmetric part of the second field equation of (3) when Δ[μν]
λ = 0 , we have Γμ

[λσ]g
σν +Γν

[σλ]g
μσ = 0

which leads to Γλ
[μν] = 0 . In particular, this means that (3) are the field equations of General Relativity

when f(R) = R and Δμν
λ = 0 .

We will further simplify the field equations (3) by imposing the metricity to the symmetric part Γλ
(μν) of

the affine connection. This can be done by supposing that the hypermomentum tensor is antisymmetric :
when Δμν

λ = −Δνμ
λ , the second equation becomes 1√−g

[∇λ(f ′(R)gμν)] = −κΔ[μν]
λ whose symmetric part

leads to the equation ∂λ(f ′(R)gμν)+Γμ
(σλ)f

′(R)gσν +Γν
(λσ)f

′(R)gμσ = 0 having the solution Γλ
(μν) = Γ̂λ

μν +
1

2f ′(R) [δ
λ
μ∂νf

′(R)+δλ
ν ∂μf

′(R)−gμνg
λσ∂σf

′(R)] with the Christoffel symbols Γ̂λ
μν = 1

2g
λσ(∂μgσν +∂νgμσ −

∂σgμν) ; and whose antisymmetric part leads to the equation Γμ
[λσ]f

′(R)gσν + Γν
[σλ]f

′(R)gμσ = κΔ[μν]
λ

having the solution Γλ[μν] = 1
2

κ
f ′ (Δλ[μν] + Δμ[λν] + Δν[μλ]) .
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Therefore, when Δμν
λ = Δ[μν]

λ , the metric-affine field equations (3) become :

f ′(R)Rμν − 1
2f(R)gμν = κTμν

Γμ
[λσ]f

′(R)gσν + Γν
[σλ]f

′(R)gμσ = κΔ[μν]
λ ⇒ Γλ[μν] = κ

2f ′(R)

(
Δλ[μν] + Δμ[λν] + Δν[μλ]

)
where :

Rμν = ∂σΓσ
(μν) − 1

2∂μΓσ
(σν) − 1

2∂νΓσ
(μσ) − Γσ

(μτ )Γ
τ
(σν) − Γσ

[μτ ]Γ
τ
[σν] + Γτ

(μν)Γ
σ
(στ ) and R = gμνRμν

Γλ
(μν) = Γ̂λ

μν + 1
2f ′(R)

[
δλ
μ∂νf

′(R) + δλ
ν ∂μf

′(R)− gμνg
λσ∂σf

′(R)
]

Γ̂λ
μν = 1

2g
λσ (∂μgσν + ∂νgμσ − ∂σgμν)

gμν = gνμ , Rμν = Rνμ and Tμν = Tνμ

with : Γτ
[στ ]f

′(R)gμσ = κΔ[μσ]
σ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(4)

These field equations are easy to understand from a physical point of view : matter interacts with geome-
try through the symmetric stress-energy tensor Tμν and/or through the antisymmetric hypermomentum
tensor Δ[μν]

λ . Only the hypermomentum tensor can generate torsion and this torsion does not propagate.
In other words : torsion can only exist in presence of matter (energy).

5 The modified Friedmann equations

In this section, we find a cosmological solution to the field equations (4). We shall use the Friedmann-
Lemaitre-Robertson-Walker metric without spatial curvature g00 = −1 and gij = a2δij with a = a(t) ⇒
g00 = −1 , gij = 1

a2 δij and
√−g = a3 (see [7] (7) p6). We shall also use the standard stress-energy tensor

T00 = ρ and Tij = a2Pδij (see [7] (16) p8).

We will suppose that the hypermomentum tensor is given by Δ[μν]
λ = (δμ

λg
αν − δν

λg
μα)Aα + εσμνα√−g

gσλBα

where Aα and Bα are two hypothetical material vector fields and where εμνσα is the Levi-Civita tensor
density. Taking into account the homogeneity and the isotropy of spacetime, only the time-components
(A0 = A and B0 = B) of the two material vector fields do not vanish to give Δ[0j]

k = −Δ[j0]
k = Aδjk and

Δ[ij]
k = −Δ[ji]

k = B
a εijk (with ε123 = 1 and εimnεjmn = 2δij) . From (4), we have (all other components

vanishing) :

Γ0
00 = 1

2
ḟ ′
f ′

Γk
0j = (h+ 1

2
ḟ ′
f ′ − κA

f ′ )δjk

Γk
j0 = (h+ 1

2
ḟ ′
f ′ + κA

f ′ )δjk

Γ0
ij = Γ0

ji = a2(h+ 1
2

ḟ ′
f ′ )δij

Γk
ij = −Γk

ji = 1
2

κaB
f ′ εijk

Γσ
[0σ] = −3κA

f ′ , Γσ
(0σ) = 3h+ 2 ḟ ′

f ′ , Γσ
[iσ] = 0 , Γσ

(iσ) = 0

with h = ȧ
a

In the previous relations, a prime denotes derivative with respect to R and a dot denotes derivative with
respect to the time t .
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From (4), we obtain :

R00 = −3 ä
a − 3

2
f̈ ′
f ′ − 3

2h
ḟ ′
f ′ + 3

2
ḟ ′
f ′

ḟ ′
f ′ + 3κ2A2

f ′f ′

Rij = a2
[

ä
a + 2h2 + 1

2
f̈ ′
f ′ + 5

2h
ḟ ′
f ′ − 1

2
κ2B2

f ′f ′

]
δij

with h = ȧ
a ⇒ ḣ = ä

a − h2

The field equation f ′(R)Rμν − 1
2f(R)gμν = κTμν gives :

−3f ′ äa − 3
2 f̈

′ − 3
2hḟ

′ + 3
2

ḟ ′ḟ ′
f ′ + 3κ2A2

f ′ + 1
2f = κρ

f ′ äa + 2f ′h2 + 1
2 f̈

′ + 5
2hḟ

′ − 1
2

κ2B2

f ′ − 1
2f = κP

Eliminating ä
a from these relations leads to the first modified Friedmann equation :

(
h+

1
2
ḟ ′

f ′

)2

=
1
6

(κρ+ 3κP + f)
f ′

− 1
2
κ2A2

f ′f ′
+

1
4
κ2B2

f ′f ′
(5)

We have R00 = −3 ä
a − 3

2
f̈ ′
f ′ − 3

2h
ḟ ′
f ′ + 3

2
ḟ ′
f ′

ḟ ′
f ′ + 3κ2A2

f ′f ′ and also f ′R00 + 1
2f = κρ . Eliminating R00 from

these relations leads to the second modified Friedmann equation :

ä

a
=

1
6

(f − 2κρ)
f ′

− 1
2
f̈ ′

f ′
− 1

2
h
ḟ ′

f ′
+

1
2
ḟ ′

f ′
ḟ ′

f ′
+
κ2A2

f ′f ′
(6)

The ΛCDM model (see [7] (29) p10) is the simplest cosmological model that is in general agreement with
the observations, in particular with the acceleration of the universe. The field equations of the ΛCDM
model are h2 = 1

3κρ + 1
3Λ and ä

a = −1
6κρ + 1

3Λ . The simplest way to obtain these equations from (5)
and (6) is to set P = 0 , f = R⇒ R = κρ , κ2A2 = 1

3Λ and κ2B2 = 2Λ . From the observations (see [7],
(64) p25), we have κρo

3h2
o

= 0.3 and Λ
3h2

o
= 0.7 where the indice “o” denotes the value of the parameter at

the present time. We therefore obtain κA
3ho

= 0.278 and κB
3ho

= 0.683 .

6 The ΛCDM model revisited

In this section, we deduce the ΛCDM model from a more rigorous point of view. When f(R) = R , the
field equations (4) lead to the simplest metric-affine theory of gravity with torsion :

Rμν − 1
2gμνR = κTμν ⇒ R̂μν − 1

2gμνR̂− Γτ
[μσ]Γ

σ
[τν] + 1

2gμνg
αβΓτ

[ασ]Γ
σ
[τβ] = κTμν

Γμ
[λσ]g

σν + Γν
[σλ]g

μσ = κΔ[μν]
λ ⇒ Γλ[μν] = 1

2κ
(
Δλ[μν] + Δμ[λν] + Δν[μλ]

)
where :

Rμν = R̂μν − Γτ
[μσ]Γ

σ
[τν] and R = gμνRμν ⇒ R = gμνR̂μν − gμνΓτ

[μσ]Γ
σ
[τν] = R̂− gμνΓτ

[μσ]Γ
σ
[τν]

R̂μν = ∂σΓ̂σ
μν − ∂μΓ̂σ

σν − Γ̂σ
μτ Γ̂τ

σν + Γ̂τ
μν Γ̂σ

στ and Γ̂λ
μν = 1

2g
λσ (∂μgσν + ∂νgμσ − ∂σgμν)

gμν = gνμ , Rμν = Rνμ and Tμν = Tνμ

with : Γτ
[στ ]g

μσ = κΔ[μσ]
σ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(7)

It is easy to verify that these field equations imply the transposition invariant metric-affine equation
∂λgμν − Γσ

μλgσν − Γσ
λνgμσ = −Δλ[μν] .
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As in the previous section, we will suppose that the hypermomentum tensor is given by Δ[μν]
λ = (δμ

λg
αν −

δν
λg

μα)Aα + εσμνα√−g
gσλBα where Aα and Bα are two hypothetical material vector fields and where εμνσα

is the Levi-Civita tensor density with ε0123 = −1 , ε0123 = 1 , εμνλτ = −gεαβσθg
αμgβνgσλgθτ and

εμτσαενλσα = −2δμ
ν δ

τ
λ + 2δμ

λδ
τ
ν ⇒ εμτσαεντσα = −6δμ

ν .

The second equation of (7) gives Γλ
[μν] = κ(δλ

μAν−δλ
νAμ− 1

2

√−gεσμναg
σλBα) ⇒ Γτ

[μσ]Γ
σ
[τν] = κ2(−3AμAν+

1
2BμBν − 1

2gμνBσB
σ) . Hence, we obtain from the first equation Ĝμν

def= R̂μν − 1
2gμνR̂ = κTμν +

κ2(−3AμAν + 1
2BμBν + 3

2gμνAσA
σ + 1

4gμνBσB
σ) . By setting BμBν = 6AμAν , we can simplify this

equation to obtain Ĝμν = κTμν+3κ2gμνAσA
σ . From General Relativity we have the equation ∇̂τĜ

μτ = 0
and since dark energy is supposed not to interact with ordinary matter, this means that we must have
∇̂τT

μτ = 0 and ∇̂τ (gμτAσA
σ) = 0 ⇒ AσA

σ constant. If we set AσA
σ = − 1

3κ2 Λ , we obtain the field
equation of General Relativity Ĝμν = κTμν − gμνΛ with the cosmological constant Λ .

The expressions we chose for the hypermomentum tensor components are certainly questionable. Never-
theless, it shows that the cosmological constant emerges from the hypermomentum tensor components,
which could explain its observed smallness if only few particle fields contribute to the hypermomentum
tensor to generate torsion.

7 N = 1 pure supergravity revisited

In our notation, the torsion-free expressions of supergravity are denoted with a hat on top, the metric
signature is (−,+,+,+) , Greek (Latin) letters denote covariant (Lorentz) indices and for convenience,
we consider units in which c = κ = 1 .

Using the non-transposition invariant metric-affine equation ∂λgμν − Γσ
λμgσν − Γσ

λνgμσ = 0 , the field
equations of N = 1 pure supergravity are (see [8] and references therein) :

δS = δ

[
1
2

∫
d4xeeaμebνRμνab − 1

2

∫
d4xeψ̄μγ

μνσDνψσ

]
= 0

where :

Rμνab = ∂μωνab − ∂νωμab + ωμacων
c
b − ωνacωμ

c
b

Dνψσ = ∂νψσ + 1
4ωνabγ

abψσ

δeμ
a = 1

2 ε̄γ
aψμ and δψμ = Dμε = ∂με+ 1

4ωμabγ
abε

with :

ωλμν = ωλ[μν] = ω̂λ[μν] +Kλ[μν]

ω̂λ[ab] = 1
2ea

σ (∂λebσ − ∂σebλ)− 1
2eb

σ (∂λeaσ − ∂σeaλ) − 1
2ea

σeb
τ (∂σeτ

c − ∂τeσ
c) ecλ

Kλ[μν] = 1
2 (Tλ[μν] + Tμ[λν] + Tν[μλ]) and Γλ

[μν] = K[μ
λ

ν] = 1
2T

λ
[μν]

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(8)

In these equations, T λ
[μν] is the Cartan tensor and Kλ

[μν] is the contortion tensor (see appendix A). In
the so-called 1.5 order formalism (see [8] p5), the field equations (8) imply T λ

[μν] = 1
2ψ̄μγ

λψν . The use
of the Lorentz derivative Dν to define the action S is questionable but justified by the fact that using
the covariant derivate ∇ν would not lead to supersymmetric field equations.
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When imposing the transposition invariance to supergravity, it is shown in appendix A that the metric-
affine equation becomes ∂λgμν − Γσ

μλgσν − Γσ
λνgμσ = −Δλ[μν] , with Γλ

[μν] playing the role of Kλ
[μν]

and Δλ
[μν] playing the role of T λ

[μν] in the field equations (8). Therefore, imposing the transposition
invariance to N = 1 pure supergravity leads to the following field equations :

δS = δ

[
1
2

∫
d4xeeaμebνRμνab − 1

2

∫
d4xeψ̄μγ

μνσDνψσ

]
= 0

where :

Rμνab = ∂μωνab − ∂νωμab + ωμacων
c
b − ωνacωμ

c
b

Dνψσ = ∂νψσ + 1
4ωνabγ

abψσ

δeμ
a = 1

2 ε̄γ
aψμ and δψμ = Dμε = ∂με+ 1

4ωμabγ
abε

with :

ωλμν = ωλ[μν] = ω̂λ[μν] + Γλ[μν]

ω̂λ[ab] = 1
2ea

σ (∂λebσ − ∂σebλ)− 1
2eb

σ (∂λeaσ − ∂σeaλ) − 1
2ea

σeb
τ (∂σeτ

c − ∂τeσ
c) ecλ

Γλ[μν] = 1
2(Δλ[μν] + Δμ[λν] + Δν[μλ])

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(9)

These field equations are formally simpler (the use of the contortion tensorKλ
[μν] is avoided) and stronger

(the use of the Lorentz derivative Dμ is justified by the fact that the use of the covariant derivative ∇μ

is no longer necessary, as explained in appendix A) than the field equations (8).

In the so-called 1.5 order formalism (see [8] p5), the field equations (9) imply Δλ
[μν] = 1

2ψ̄μγ
λψν . As

we saw in the previous section, the fact of introducing the hypermomentum tensor Δλ
[μν] could allow to

include dark energy in supergravity through material fields.

It is important to note that the field equations (8) and (9) are the same when interpreted in terms
of torsion-free connections : following [8](23) p6, the action S of (8) and (9) can be expended into
S = 1

2

∫
d4xe[R̂− ψ̄μγ

μνσD̂νψσ +Ltorsion] with Ltorsion = −KλμνK
νμλ −Kσ

μσK
ε
ε
μ = gμν(Γτ

[μσ]Γσ
[τν] −

Γσ
[μσ]Γτ

[τν]) = − 1
16 (ψ̄μγλψν)(ψ̄μγλψν + 2ψ̄μγνψλ) + 1

4 (ψ̄μγσψ
σ)(ψ̄μγτψ

τ ) . In other words, it is only
when (8) and (9) are interpreted in terms of connections with torsion that they differ.

8 Conclusion

The advantage of imposing the transposition invariance to metric-affine theories of gravity is to derive
field equations without having to constrain the torsion tensor. Another advantage is the possibility
of relating dark energy to the torsion of spacetime through the hypermomentum tensor, which could
explain the smallness of the observed cosmological constant if only few particle fields contribute to the
hypermomentum tensor to generate torsion.

The advantage of imposing the transposition invariance to supergravity is to avoid the use of the con-
tortion tensor and to justify the use of the Lorentz derivative to derive the field equations. Another
advantage would be the inclusion of dark energy through the hypermomentum tensor.
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Appendix A

In this appendix, we emphasize the consequences of imposing the transposition invariance to the metric-
affine-vielbein formalism with f(R) = R , gμν = gνμ and Δλ

μν = Δλ
[μν] . In our notation, the torsion-free

expressions of General Relativity and supergravity are denoted with a hat on top, the metric signature is
(−,+,+,+) , Greek (Latin) letters denote covariant (Lorentz) indices and for convenience, we consider
units in which c = κ = 1 .

The vielbein eμ
a or eaμ is defined by the relations eμaeν

bηab = gμν or eaμeb
νgμν = ηab where ηab is the

Lorentz metric tensor (−1, 1, 1, 1) . These relations imply that e = det(eμa) =
√−g , eμaea

ν = δν
μ and

ea
μeμ

b = δb
a . The Lorentz derivative is defined by Dμeν

a = ∂μeν
a + ωμ

a
ceν

c with the spin connection
ωμab specified so that Dμηab = ∂μηab − ωμ

c
aηcb − ωμ

c
bηac = 0 ⇒ ωμab = ωμ[ab] .

The metric-affine equation behind (8) is ∂λgμν−Γσ
λμgσν−Γσ

λνgμσ = 0 . This equation is not transposition
invariant and does not imply ∂λgμν − Γσ

(λμ)gσν − Γσ
(λν)gμσ = 0 when Γλ

[μν] �= 0 . Its solution is
Γλ

μν = Γ̂λ
μν +Kμ

λ
ν with the Christoffel symbols Γ̂λ

μν = 1
2g

λσ(∂μgσν +∂νgμσ−∂σgμν) and the contortion
tensor Kλμν = Kλ[μν] = 1

2(Tλ[μν] + Tμ[λν] + Tν[μλ]) which is based on the Cartan tensor T λ
[μν] . One can

see from these relations that Γλ
[μν] = K[μ

λ
ν] = 1

2T
λ
[μν] .

The transposition invariant metric-affine expression behind (9) is ∂λgμν − Γσ
μλgσν − Γσ

λνgμσ , which
does no longer allow to introduce the torsion tensor through the Cartan tensor. Following the second
equation of (7), the simplest way to introduce the torsion tensor Γλ

[μν] is through the hypermomentum
tensor Δλ

[μν] defined by the field equation ∂λgμν − Γσ
μλgσν − Γσ

λνgμσ = −Δλ[μν] whose symmetric
part leads to the equation ∇̂λgμν = ∂λgμν − Γ̂σ

μλgσν − Γ̂σ
λνgμσ = 0 with the Christoffel symbols Γ̂λ

μν =
1
2g

λσ(∂μgσν +∂νgμσ−∂σgμν) ; and whose antisymmetric part leads to the equation Γμ[λν]+Γν[μλ] = Δλ[μν]

with Γλ[μν] = 1
2(Δλ[μν] + Δμ[λν] + Δν[μλ]) .

The vielbein postulate behind (8) is ∇μeν
a = Dμeν

a −Γσ
μνeσ

a = ∂μeν
a +ωμ

a
ceν

c −Γσ
μνeσ

a = 0 , which
leads to the equations ∂λgμν −Γσ

λμgσν −Γσ
λνgμσ = 0 and Dμeνa −Dνeμa = Ta[μν] . The latter allows to

deduce the expressions ω̂λ[ab] = 1
2ea

σ(∂λebσ − ∂σebλ) − 1
2eb

σ(∂λeaσ − ∂σeaλ) − 1
2ea

σeb
τ (∂σeτ

c − ∂τeσ
c)ecλ

and Kλ[μν] = 1
2(Tλ[μν] + Tμ[λν] + Tν[μλ]) for ωλ[ab] = ω̂λ[ab] +Kλ[ab] .

When imposing the transposition invariance, we saw above that the simplest way to introduce the torsion
tensor Γλ

[μν] is through the hypermomentum tensor Δλ
[μν] defined by the field equation ∂λgμν−Γσ

μλgσν−
Γσ

λνgμσ = −Δλ[μν] whose symmetric part leads to the equation ∇̂λgμν = ∂λgμν − Γ̂σ
μλgσν − Γ̂σ

λνgμσ = 0
and whose antisymmetric part leads to the equation Γμ[λν] + Γν[μλ] = Δλ[μν] . Hence, the vielbein
postulate behind (9) is ∇̂μeν

a = D̂μeν
a − Γ̂σ

μνeσ
a = ∂μeν

a + ω̂μ
a
ceν

c − Γ̂σ
μνeσ

a = 0 , which leads to the
equation ∇̂λgμν = ∂λgμν − Γ̂σ

μλgσν − Γ̂σ
λνgμσ = 0 . Also, the use of the covariant derivative ∇μ is no

longer necessary since the use of the Lorentz derivative Dμeν
a = ∂μeν

a + ωμ
a
ceν

c is sufficient to obtain
the equation Dμeνa −Dνeμa = Γμ[aν] −Γν[aμ] = Δa[μν] when ωλ[ab] = ω̂λ[ab] + Γλ[ab] . The latter allows to
deduce the expressions ω̂λ[ab] = 1

2ea
σ(∂λebσ − ∂σebλ) − 1

2eb
σ(∂λeaσ − ∂σeaλ) − 1

2ea
σeb

τ (∂σeτ
c − ∂τeσ

c)ecλ
and Γλ[μν] = 1

2 (Δλ[μν] + Δμ[λν] + Δν[μλ]) for ωλ[ab] = ω̂λ[ab] + Γλ[ab] .

When imposing the transposition invariance to supergravity, one can see from the last two paragraphs
that Γλ

[μν] plays the role of Kλ
[μν] and Δλ

[μν] plays the role of T λ
[μν] in the field equations.
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Appendix B

In this appendix, we reply to common questions about this paper. Unless otherwise specified, we consider
that f(R) = R , gμν = gνμ and Δλ

μν = Δλ
[μν] . We use the notation of appendix A and also the notation

of [1] to denote the “+−” covariant derivatives (see (5) page 579).

Why consider the old idea of transposition invariance ?
There are many “old ideas” used in modern physics, such as the Kaluza-Klein idea of increasing the
number of space dimensions. Imposing the transposition invariance to non-symmetric real expressions is
equivalent to imposing the hermiticity to complex expressions, which is widely used in modern physics.

Why denote the torsion-free expressions of General Relativity and supergravity with a hat on top ?
The hat is a symbol of respect used to emphasize the importance of these expressions. The Christoffel
symbols are Γ̂λ

μν = 1
2g

λσ(∂μgσν + ∂νgμσ − ∂σgμν) , the Ricci curvature tensor is R̂μν = ∂σΓ̂σ
μν − ∂μΓ̂σ

σν −
Γ̂σ

μτ Γ̂τ
σν + Γ̂τ

μν Γ̂σ
στ and the torsion-free spin connection is ω̂λ[ab] = 1

2ea
σ(∂λebσ − ∂σebλ) − 1

2eb
σ(∂λeaσ −

∂σeaλ) − 1
2ea

σeb
τ (∂σeτ

c − ∂τeσ
c)ecλ .

Why reject the field equation ∇λg−
μ

−
ν

= ∂λgμν − Γσ
λμgσν − Γσ

λνgμσ = 0 whose solution is Γλ
μν = Γ̂λ

μν +

Kμ
λ

ν with Γ̂λ
μν = 1

2g
λσ(∂μgσν + ∂νgμσ − ∂σgμν) and Kλμν = Kλ[μν] = 1

2(Tλ[μν] + Tμ[λν] + Tν[μλ]) ?
First, this equation does not imply Γλ

(μν) = Γ̂λ
μν when Γλ

[μν] �= 0 , which complicates the expressions.
Secondly, Kλ

[μν] and T λ
[μν] appear indirectly as part of the solution to the equation. Thirdly, why

privilege ∇λg−
μ

−
ν

over ∇λg−
μ

+
ν

, ∇λg+
μ

−
ν

or ∇λg+
μ

+
ν

?

Why prefer the field equation ∇λg+
μ

−
ν

= ∂λgμν − Γσ
μλgσν − Γσ

λνgμσ = −Δλ[μν] whose solution is Γλ
μν =

Γ̂λ
μν + Γλ

[μν] with Γ̂λ
μν = 1

2g
λσ(∂μgσν + ∂νgμσ − ∂σgμν) and Γλ[μν] = 1

2(Δλ[μν] + Δμ[λν] + Δν[μλ]) ?
First, this equation implies Γλ

(μν) = Γ̂λ
μν even when Γλ

[μν] �= 0 , which simplifies the expressions.
Secondly, Kλ

[μν] is avoided and Δλ
[μν] appears directly in the equation. Thirdly, the requirement of

transposition invariance justifies the use of ∇λg+
μ

−
ν

over ∇λg−
μ

−
ν

, ∇λg−
μ

+
ν

or ∇λg+
μ

+
ν

.

Why use the complicated expression Rμν = ∂σΓσ
μν − 1

2∂μΓσ
σν − 1

2∂νΓσ
μσ − Γσ

μτΓτ
σν + Γτ

μνΓσ
(στ ) ?

This is to obtain the expression ∇λg+
μ

−
ν

= ∂λgμν − Γσ
μλgσν − Γσ

λνgμσ in all cases. When gμν = gνμ and

Δλ
μν = Δλ

[μν] , this “complicated expression” simplifies to Rμν = R̂μν − Γτ
[μσ]Γ

σ
[τν] .

Why put ωλ[ab] = ω̂λ[ab] + Γλ[ab] in the definition of the Lorentz derivative Dμeν
a = ∂μeν

a + ωμ
a
ceν

c ?
This is to obtain the relation Dμeνa −Dνeμa = Γμ[aν] − Γν[aμ] = Δa[μν] ⇒ Γμ[λν] + Γν[μλ] = Δλ[μν] . In
other words, ωλ[ab] = ω̂λ[ab] +Γλ[ab] is merely an ansatz used to obtain the antisymmetric part of the field
equation ∇λg+

μ
−
ν

= −Δλ[μν] .

Why leave undefined the covariant derivative ∇μ of the vielbein eνa ?
The torsion-free covariant derivative ∇̂μeν

a = D̂μeν
a − Γ̂σ

μνeσ
a = ∂μeν

a + ω̂μ
a
ceν

c − Γ̂σ
μνeσ

a = 0 and
the Lorentz derivative Dμeν

a = ∂μeν
a + ωμ

a
ceν

c with ωλ[ab] = ω̂λ[ab] + Γλ[ab] are sufficient to obtain the
field equation ∇λg+

μ
−
ν

= −Δλ[μν] . Nevertheless, following [1](5) page 579, it is always possible to define
the “+−” covariant derivatives ∇μe+

ν

a = Dμeν
a − Γσ

νμeσ
a and ∇μe−

ν

a = Dμeν
a − Γσ

μνeσ
a .

10



References

[1] A. Einstein, “A Generalization of the Relativistic Theory of Gravitation”, Annals of Mathematics,
Vol. 46, No. 4, p578-584, 1945.

[2] A. Einstein and E. G. Straus, “A Generalization of the Relativistic Theory of Gravitation, II”,
Annals of Mathematics, Vol. 47, No. 4, p731-741, 1946.

[3] A. Einstein and B. Kaufman, “A New Form of the General Relativistic Field Equations”, Annals of
Mathematics, Vol. 62, No. 1, p128-138, 1955.

[4] A. Einstein, “The meaning of Relativity”, Fifth Edition : Including the Relativistic Theory of the
Non-Symmetric Field, Princeton University Press, p109-166, 2004. ISBN : 0-691-12027-7.

[5] J. W. Moffat, “Nonsymmetric Gravitational Theory”, 1994.
See http://arxiv.org/ gr-gc/9411006. See also gr-gc/9411027 and gr-gc/9412009.

[6] T. P. Sotiriou and V. Faraoni, “f(R) theories of gravity”, 2008.
See http://arxiv.org/ gr-gc/0805.1726. See also gr-gc/0604006 and gr-gc/0611040.

[7] M. Trodden and S. M. Carroll, “TASI Lectures : Introduction to Cosmology”, 2008.
See http://arxiv.org/ astro-ph/0401547v1.

[8] P. van Nieuwenhuizen, A. Rebhan, D. V. Vassilevich and R. Wimmer, “Boundary Terms in Super-
gravity and Supersymmetry”, 2008.
See http://arxiv.org/ hep-th/0606075v2.

11


