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In our notation, the torsion-free expressions of General Relativity are denoted with a hat on top, the
metric signature is (—, +, +, +) and we consider units in which the speed of light c = 1 . Unless otherwise
specified, Greek (Latin) letters denote spacetime (space) indices, bold letters denote tensor densities and
round (square) brackets around indices denote symmetry (antisymmetry), as usual :

I(uv) = %(g,uu + gu,u) » 9luv] = %(g,uu - gu,u) and 809[“01 = %acr(\/ —g(gh? — g*)) with g = det(g,uzz) .

1 Motivation

In modern literature about non-symmetric theories of gravity such as the nonsymmetric gravitational
theory [5], metric-affine theories of gravity [6] or supergravity [8], the transposition invariance is not
imposed to the field equations. Albert Einstein introduced the requirement of transposition invariance
in his last proposal for a relativistic theory of the non-symmetric field [1][2][3][4] and considered it as a
fundamental principle serving to restrict the manifold of non-symmetric real expressions.

Plan of the paper. In section 2, we illustrate the requirement of transposition invariance by giving two
important examples. In section 3, we derive the framework of non-symmetric f(R) theories of gravity
with non-symmetric metric and non-symmetric affine connection. In section 4, using the particular case
of metric-affine f(R) theories of gravity with symmetric metric and non-symmetric affine connection,
we show that the requirement of transposition invariance leads to formally simpler and stronger field
equations. In sections 5-6, we use the simplest metric-affine theory of gravity with torsion to physically
reinterpret the ACDM cosmological by relating dark energy to the torsion of spacetime. In section 7,
we show that the requirement of transposition invariance leads to formally simpler and stronger field
equations for supergravity. In appendix A, we emphasize the consequences of imposing the transposition
invariance to the metric-affine-vielbein formalism. In appendix B, we reply to common questions received
about this paper.

2 The requirement of transposition invariance

The requirement of transposition invariance is a “weak condition of symmetry” that can be used to
constrain non-symmetric real expressions (see [3] p128 or [4] p149).

A first example concerning the covariant derivative : if we replace g*” and I’ ;\w by their transposes g"*
and Fﬁu in the expression o g'” +I' g7 +T'§ gH" — ?/\U)g‘“’ , we obtain d\g"* + Ty _g"” +I'V, g7+ —

E’/\U) g’* . If we interchange the free indices p and v in the latter, we get back the original expression
gt +T g‘/\g‘”’ +I'5 gl — E’/\U) g*” . One can see that this would not be the case with an expression
such as g + 'y g + T}, g — o) 8" -

A second example concerning the curvature tensor : if we replace I' ;\W by its transpose I’ l’}“ in the
expression 9,1, — 30,13, — 50,17, — I7.T7, + I7,T7 , we obtain 9,17, — 39,07, — 30,1, —
rer _ +17 17 If we interchange the free indices p and v in the latter, we get back the original

TU™ Vo vy (m-) .
expression J, '], — $9,19, — 30,1 o — Ui lay + 1[I0,y - One can see that this would not be the case
with an expression such as 9,17, — 9,I'7, — I/, 7, + I, T .

As explained in [1][2], imposing the transposition invariance to non-symmetric real expressions is equiv-
alent to imposing the hermiticity to complex expressions (it would be similar to require g,, and I' ;\W
to be complex hermitian with respect to p and v). The requirement of transposition invariance is the
cornerstone of this paper since it is systematically imposed to the non-symmetric field equations.



3 Non-symmetric f(R) theories of gravity

We shall apply the method used in [2][3][4] to derive the field equations from the least action principle
08 = 0 where S = S (9w, F;\W) + Sn(guws F;\w, 1) where Sg = i [d*x\/=gf(R) accounts for geometry
and Sy; = [d*zLy accounts for matter (see [6] pS for a detailed explanation). In order to derive
transposition invariant field equations, the curvature scalar R = g"” R, shall be based on the curvature
tensor R, = 0,17, — $0,19, — %&,FZU — 7,17, + I, T, introduced by Albert Einstein in [2].

putt ov

Since the matter action Sj; depends both on the metric and the affine connection, we have the stress-

tensor Tj, = ——2=3E8 and the h tum tensor ALY = ——2_9Lu 6](31) p9).
energy tensor 1, =5 dgiv ALl e hypermomentum tensor Ay V=9 6T, (see [6](31) p9)

By variation of S with respect to the g" and I'} , we obtain (a prime denotes a derivation by R) :

py

38 = o / d'z/—g (Kﬂydgﬂ” - M;‘”arjw) + / d*zd, (v/—gT°)
where :
K,uzx = f/(R)R,uV - %f(R)g,uV - /fT,uzx
MY = [ (F(R)g™) + 304 (Vo (' (R)g™) + T f(R)E)
+50% (VU (f'(R)g"”) + F[TUT]f/(R)gW” — kALY (1)
T = g“V(SFZV - %go—yér;l - %gHU(SF;T
with :
RHV = a"FZV - %aﬂrgu - %OVFZU - FZTF;/ + FLV ?m—) and R = gm/RHV
Va(f'(R)g") = ox (f'(R)g") + Th\ f(R)g™ + %, f (R)g" — T\, f' (R)g"
g" = V49"

The application of the least action principle leads to 65 = 0 . The last term of the expression of
4S5 does not contribute to the integral since 6I' ;\W vanish at the boundary of integration. Hence, we

have the field equations K,, = 0 and M f\“' = 0 . Moreover, one can verify that M[[,“ d_ 9 implies
\/%—98[,( f'(R)gl#oly 4 or Tor] f'(R)gHo) = 26A%7 | We therefore obtain the following field equations :
f/(R)R,uV - %f(R)g,uV = HT,uy
= [~V (F(R)g™) + 33 (Vo (F(R)g™) + T, f (R)E™)
+30% (Vo (F/(R)g") + T, ' (R)&" )| = nAK”
where :
RHV = aUFZV - %aﬂrgu - %OVFZU - FZTF;/ + FLV ?0'7') and R = gm/RHV
Vs (F(R)g™) = 0x (F/(R)g") + T, £ (R)g™ + T, £ (R)g" — Ty f (R)E"
g = V=gg"

with : <=0, (f/(R)gW) + 207, ' (R)g") = 26A]

The field equations (1)(2) are invariant under coordinates transformation and transposition invariant.




It is important to note that the field equations (1)(2) do not require 7,y = 0. In other words : the field
equations are derived without having to constrain the torsion tensor by adding Lagrange multipliers to
the action, which is not the case in [2] (see p734) and [6] (see (38) p10). In [2], two Lagrange multipliers
are added to the action to obtain the field equations 9,gl#?) = 0 and T f’ o] = 0 (see p731-733 for a detailed
explanation). In [6], a Lagrange multiplier is added to the action to obtain the field equation [ =0
(see p9 for a detailed explanation).

4 Metric-affine f(R) theories of gravity

The field equations of metric-affine f(R) theories of gravity are a particular case of (1)(2) obtained by
supposing that the metric tensor g,, , the curvature tensor R,, and the stress-energy tensor T}, are
symmetric :

f/(R) ,uzz_gf( )g,uzz:/fT,uy
2= [V (F(R)g™) + 504 (Vo (f/(R)E™) + T f (R)g™)
+555 (Vo (/'(R)") + T, f (R)g"7 )| = nAAYY

where :
1 1 o T o T nuv (3)
Ry = 06Xy = 303l o0) = 30vT (o) = (um Fiow) = PlurTlon) + Ly Loy and B = g™ Ry
Va (f (R)g“”) = O (f'(R)g") + T4, f/(R)g™ + 1%, f'(R)g"” — T\ f'(R)g"
Guv = Gup » =v—g99" Ry, =Ry, and Ty, =T,

with : T7, f’(R) ghe = ,.@Agwl

These field equations are formally simpler (they do not require T’ ﬁm] = 0) and stronger (they do not
involve a Lagrange multiplier) than those derived in [6] (see (46)(47)(48) p10). This is due to the fact
that they are derived from a transposition invariant action, which is not the case in [6] (the curvature
tensor (41) used p10 to build the action is not transposition invariant).

There are other advantages coming from the requirement of transposition invariance. For instance, the
affine connection I ;\W becomes symmetric when the hypermomentum tensor A M is symmetric : if we take

the antisymmetric part of the second field equation of (3) when A[“ Y 0, we have I'? o ]g‘”’—I—F a /\]g =0

which leads to I ﬁw] = 0 . In particular, this means that (3) are the field equations of General Relativity
when f(R) =R and AY" =0 .

We will further simplify the field equations (3) by imposing the metricity to the symmetric part I‘( ) of
the affine connection. This can be done by supposing that the hypermomentum tensor is antisymmetric :
when ALY = —AT* | the second equation becomes %[V A(f(R)g")] = —/@A[“ Y} whose symmetric part
leads to the equation 9y (f'(R)g"") —I-F(U/\ F(R)g7 +T{ [ (R)ghe =0 havmg the solution F(W) ffw +
57 (R [(5’\8 f'(R)+ 620, f"(R) — 99?05 f'(R)] with the Christoffel symbols I'},, = 2927 (0,901 + 0y guo —
Jsguv) ; and whose antisymmetric part leads to the equation F[/\ ]f’( )g‘”’ + F[m\]f’(R)g“" = /@AE\W]
having the solution I'y,,] = EW(A/\[W] + Ay + Aupuy) -



Therefore, when ALY = AE\W] , the metric-affine field equations (3) become :

f/(R) v gf( )g,uu = KT

ov o __ (V] _ K
Di o f (R)g7 + Tl [ (R)g" = kAY = Tapu = opim (AA[W] + Ay + Aym])

where :

1 1 o T T o _ v
R py =0 F(W’) 8 F(UV) B 8 F(,ucr) - (/.LT)F(O'Z/) F[HT]F[UV] + F(py)r(m—) and R = g,u R,ul/
Ty = Do + 27t (0200 (R) + 630, F (R) = 9 9™ 0o f' (R))
Ffly = %QAU (a,ugcn/ + Oy Guo — 809;111)

g“y == gy“ 5 R“y - Ry“ and TAU‘V - v

with : T7, 1 f'(R)g"" = kA7)

These field equations are easy to understand from a physical point of view : matter interacts with geome-
try through the symmetric stress-energy tensor 7}, and/or through the antisymmetric hypermomentum
tensor AE\W] . Only the hypermomentum tensor can generate torsion and this torsion does not propagate.
In other words : torsion can only exist in presence of matter (energy).

5 The modified Friedmann equations

In this section, we find a cosmological solution to the field equations (4). We shall use the Friedmann-
Lemaitre-Robertson-Walker metric without spatial curvature goo = —1 and g;; = a2(5ij with a = a(t) =
g0 =—-1,4¢9= (7,1_26ij and y/—g = a® (see [7] (7) p6). We shall also use the standard stress-energy tensor
Too = p and T;; = a®PS;; (see [7] (16) p8).

\U/TQUAB
where A, and B, are two hypothetical material vector fields and where is the Levi-Civita tensor
density. Taking into account the homogeneity and the isotropy of spacetime, only the time-components

(Ap = A and By = B) of the two material vector fields do not vanish to give A[OJ = A[J - = Adji and

We will suppose that the hypermomentum tensor is given by A[“ Y ((5“ W — 5K gh*) A +

eHvoa

A%j] A[ﬂ] = —€ka (with €123 = 1 and €mn€jmn = 2d;5) . From (4), we have (all other components
vanishing) :
9= 14
Ik = (h+ 35 — 543,
k !
jo = (h+3

Th = —I% = 1xaBe,

o _ o _ f! _
0] = =3% + Llog) =30 + 25 , I =0, ;) =0
with h = ¢

In the previous relations, a prime denotes derivative with respect to R and a dot denotes derivative with
respect to the time ¢ .



From (4), we obtain :

_ _qd _3f _3;f L 3ff 242
Rzg = (12 [% +2h2 + %f_: + ghf_: - %H;/?/Q} 61]

withh=2=h=4_p2

The field equation f'(R)R.y — 3 f(R)guw = KT gives :

ré  3F 3p 4, 3fF 242 | 1
—?.).fg—gf—?ﬁf _|_§ij/L_|_2’:f/ +§f—/£p
FE+2f' B+ 5f + 5hf' — 355 - 5f = P

Eliminating g from these relations leads to the first modified Friedmann equation :

( 1f’>2_ 1(kp+3sP+f) 1k%2A% 1k%B? (5)
"6

h+ - _Z z
T3y 7 277 AT
We have Ry = —34 — %fL: — §h£ + sp +354% and also f'Roo + %f = kp . Eliminating Ryg from

. a 20 b2 _
these relations leads to the second modified Friedmann equation :

- £1 Fr (g1 2 A2
ﬂzlw_li_lhi+lii+”‘4 (6)
a 6 f/ 2f/ 2 f/ 2 f/ f/ f/f/

The ACDM model (see [7] (29) p10) is the simplest cosmological model that is in general agreement with
the observations, in particular with the acceleration of the universe. The field equations of the ACDM
model are h? = %/@p + %A and g = —%/@p + %A . The simplest way to obtain these equations from (5)
and (6)istoset P=0, f=R= R=rkp, k2A%? = %A and k?B? = 2A . From the observations (see [7],
(64) p25), we have % = 0.3 and % = 0.7 where the indice “0” denotes the value of the parameter at

the present time. We therefore obtain % = 0.278 and % = 0.683 .

6 The ACDM model revisited

In this section, we deduce the ACDM model from a more rigorous point of view. When f(R) = R , the
field equations (4) lead to the simplest metric-affine theory of gravity with torsion :

Ry — 59w R = KT = Ry — %QWR — Loy Tl + %gquaﬁr[TM]FfTﬁ] = 1w

F,F)\U]gcrll + FZ[’UA]QHU = /{A[;‘V] = F)\[“V] = %/{ (A)\[“V] + A“[Ay] + AZ,[HA])
where :

Ry = Ruy = T], g T, and R = 9" Ry = R = g" Ry, — 9" T[T, = R= g T 17 | (7)

Ry, = 0,1, — 9,17, — 19,17, + 17,07 and I, = £6* (0u90v + OvGue — Oogyu)

9w = Gop » By = Ry and T, =T,

with : I7, 19" = Al

It is easy to verify that these field equations imply the transposition invariant metric-affine equation
3,\QW - Fa,ukgm/ - FU}\Vg,ucr = _AA[,uy] .



As in the previous section, we will suppose that the hypermomentum tensor is given by A[“ Y ((5“ av
eTHV

g Aq + € el gorBa where A, and B, are two hypothetical material vector fields and where e*7¢

0123 _ -1 o 01

is the Levi-Civita tensor density with ¢ , €o123 = 1, M = —geapong™g?’ g7 g’ and

€TI0, 5 o = — 20167 + 20187 = T, 1 0 = —661 .

The second equation of (7) gives F[W] ((5’\A — ) A= 3V —9eoa g’ BY) = Lo = k3 (—3A4,A,+

%B“By - %gw,B(,B") . Hence, we obtain from the first equation GW def RW - %gw,f% = K1y, +

k*(—3A,A, + %BHBZ, + 2gm,A A + 4gWB B?) . By setting B,B, = 64,4, , we can simplify this
equation to obtain G w = KT, “1,4—3/@2 9uwAsA? . From General Relativity we have the equation V.GFT =0
and since dark energy is supposed not to interact with ordinary matter, this means that we must have
VT =0 and V,(g"" A,A%) = 0 = A,A° constant. If we set A,A7 = A , we obtain the field

equation of General Relativity C;’W = KT — g\ with the cosmological constant A

The expressions we chose for the hypermomentum tensor components are certainly questionable. Never-
theless, it shows that the cosmological constant emerges from the hypermomentum tensor components,
which could explain its observed smallness if only few particle fields contribute to the hypermomentum
tensor to generate torsion.

7 N =1 pure supergravity revisited

In our notation, the torsion-free expressions of supergravity are denoted with a hat on top, the metric
signature is (—, 4+, +,+) , Greek (Latin) letters denote covariant (Lorentz) indices and for convenience,
we consider units in whichc=x=1.

Using the non-transposition invariant metric-affine equation drg,, — ' A\ugor — I'72\vgue = 0, the field
equations of N = 1 pure supergravity are (see [8] and references therein) :

05 =19 [%/dllxeea“eb”RWab — %/d‘lxe&“'y“w’Dng =0
where :

R,uzzab = 8,uwyab - 81/W,uab + W,uacwycb - Wyacw,ucb

Do = 0vps + iwyab'yabwa

a_1l-.a _ _ 1 ab (8)

de,” = 56", and 0, = Dye = Oue + jwuapY™€
with :

Wy = www] = W] + wa

Dxjab] = 3€a” (Orebo — Oren)) — 367 (Oneao — Orear) — 3€a”€r” (Dper — DrexC) ecn

A
K] = §(T>\[HV] + Tapw] +Tuw) and T, = K0 = 5T

In these equations, T’ ’\[W] is the Cartan tensor and K* | is the contortion tensor (see appendix A). In

(v °
the so-called 1.5 order formalism (see [8] p5), the field equations (8) imply 7 (] = %w“'ykwy . The use
of the Lorentz derivative D, to define the action S is questionable but justified by the fact that using

the covariant derivate V,, would not lead to supersymmetric field equations.



When imposing the transposition invariance to supergravity, it is shown in appendix A that the metric-
affine equation becomes gy — I yxgor — T 2Gpuo = —Axu] , With F’\[W] playing the role of K’\[W]
and A’\[W] playing the role of T ’\[W] in the field equations (8). Therefore, imposing the transposition
invariance to N = 1 pure supergravity leads to the following field equations :

58S =24 [%/d%ee““ebwaab - %/d%e@“WWUDﬂ% =0
where :

Ryvab = Ouwyab — OuWpab + Whacwn s — Woacwy s

Dytho = Oytho + Fwrary s

de, = %?yaw“ and 61, = D,e = 0 e + iwuawabe (9)
with :

Wapy = WAl = O] + D]

Dxlab) = 3€a” (Orebo — Dsen)) — 567 (Oreao — Or€ar) — 3€a”€r” (Der® — Dres”) ecn

D] = 5(Bxju] + Apupa] + Aupun)

These field equations are formally simpler (the use of the contortion tensor K ’\[W] is avoided) and stronger
(the use of the Lorentz derivative D, is justified by the fact that the use of the covariant derivative V,,
is no longer necessary, as explained in appendix A) than the field equations (8).

In the so-called 1.5 order formalism (see [8] p5), the field equations (9) imply A’\[W] = %&M’YA%/ . As
we saw in the previous section, the fact of introducing the hypermomentum tensor A’\[W] could allow to
include dark energy in supergravity through material fields.

It is important to note that the field equations (8) and (9) are the same when interpreted in terms
of torsion-free connections : following [8](23) p6, the action S of (8) and (9) can be expended into
S = %f d4.1‘6[R - ,(Z“,Ypycrf)ng + Etorsion] with Ltorsion = _KAHVKVHA - KU/.LO'KEE“ = g“V(FT[/.LO']FU[TV] -
FU[HU]FT[TV]) = —%(@“WWZ’)(%WWV + 2&;/71/1@\) + i(%%iﬁ”)(@“%W) . In other words, it is only
when (8) and (9) are interpreted in terms of connections with torsion that they differ.

8 Conclusion

The advantage of imposing the transposition invariance to metric-affine theories of gravity is to derive
field equations without having to constrain the torsion tensor. Another advantage is the possibility
of relating dark energy to the torsion of spacetime through the hypermomentum tensor, which could
explain the smallness of the observed cosmological constant if only few particle fields contribute to the
hypermomentum tensor to generate torsion.

The advantage of imposing the transposition invariance to supergravity is to avoid the use of the con-
tortion tensor and to justify the use of the Lorentz derivative to derive the field equations. Another
advantage would be the inclusion of dark energy through the hypermomentum tensor.



Appendix A

In this appendix, we emphasize the consequences of imposing the transposition invariance to the metric-
affine-vielbein formalism with f(R) = R , g = gy, and A’\W = A’\[W] . In our notation, the torsion-free
expressions of General Relativity and supergravity are denoted with a hat on top, the metric signature is
(=, +,+,+) , Greek (Latin) letters denote covariant (Lorentz) indices and for convenience, we consider
units i whichc=rx=1.

The vielbein e, or e," is defined by the relations euaeybnab = Guv OT e.t'ey” g = Nap Where 74 is the
Lorentz metric tensor (—1,1,1,1) . These relations imply that e = det(e,®) = \/—g , e,%,” = §}, and
ea“e“b = (52 . The Lorentz derivative is defined by D,e,* = d,e,* + w,%ce,“ with the spin connection
wpab specified so that Dynap = Ounab — W aleb — W bMac = 0 = Wyuab = Wy[ap] -

The metric-affine equation behind (8) is 09 —T'7 \ugor —T'7 avgue = 0. This equation is not transposition
invariant and does not imply dzguw — ' (\u)9or — I'" (a)9ue = 0 when F’\[W] # 0 . Its solution is
F’\W = f’\w, —|—K“’\Z, with the Christoffel symbols f/\w = %g’\”(augm, + 0y 9uo — Osguw) and the contortion
tensor Ky = Ky = %(TA[W] + Ty + Tyjun) which is based on the Cartan tensor T/\[;w] . One can
see from these relations that F’\[W] = K[H’\V] = %T’\[W] .

The transposition invariant metric-affine expression behind (9) is g — I'“rgor — I'Avguo , Which
does no longer allow to introduce the torsion tensor through the Cartan tensor. Following the second
equation of (7), the simplest way to introduce the torsion tensor I'* [uv] 18 through the hypermomentum
tensor A (] defined by the field equation Oxguw — ' ixgor — I'7avGpue = —Ax[u Whose symmetric

part leads to the equation V,\gw, = O\Guv — I yurJov — I awue = 0 with the Christoffel symbols I W =

%g’\”(apgay +0v9uo —O0s9u) ; and whose antisymmetric part leads to the equation I’ wn] T = Axju)

with Dy = 5(Axju) + A + Aupn) -

The vielbein postulate behind (8) is V,e,* = Dye,* =T e, = 0pe,* +wp®ce,® =17 e, = 0, which
leads to the equations dxg.w — ' A\ugor — 7 Avguo = 0 and Dyevq — Dyeuq = Ty - The latter allows to
deduce the expressions wy(q5 = %ea”(ﬁkebg — Opepy) — %eb"(a,\eag OsCa)) — lea epT (Oper® — OresC)ec
and K = 5(Tagu) + Tupw) + Togua)) for wrjar) = @xfar) + Kfa) -

When imposing the transposition invariance, we saw above that the simplest way to introduce the torsion
tensor I ’\[W] is through the hypermomentum tensor A’\[W] defined by the field equation 9xg,, —I'7 i gor —
7 \vguo = —Ax[u) whose symmetric part leads to the equation Vg, = Oxguw — 7 ungor — T 30 gpe =0
and whose antisymmetric part leads to the equation I'yjy, + T'yjua) = Aapw) - Hence, the vielbein
postulate pehlnd (9) is V“ey = D“el, — T s = 0pe, +w, %, — I uwes® =0, which leads to the

equation Vg = Onguw — ' urgov — I awue = 0. Also the use of the covariant derlvatlve V, is no
longer necessary since the use of the Lorentz derivative D e,* = d,e,* +w,%ce,° is sufficient to obtain
the equation Dyeyq — Dyepa = Upjar] — Lujap) = Aafu) When wyjqp) = @ajap) + Uajay) - The latter allows to
deduce the expressions wy(q5 = %ea”(ﬁkebg — Opepy) — %eb”(a,\eag OrCa)) — lea ey’ (Oper® — OresC)ec

and Tapu) = 3(Axgu) + i) + Aupun) for wajan) = Oxjap) + Tajan] -

When imposing the transposition invariance to supergravity, one can see from the last two paragraphs
that ' ’\[W] plays the role of K ’\[W] and A’\[W] plays the role of T’ ’\[W] in the field equations.



Appendix B

In this appendix, we reply to common questions about this paper. Unless otherwise specified, we consider
that f(R) = R, 9w = guu and A’\W = A’\[W] . We use the notation of appendix A and also the notation
of [1] to denote the “+—" covariant derivatives (see (5) page 579).

Why consider the old idea of transposition invariance ¢

There are many “old ideas” used in modern physics, such as the Kaluza-Klein idea of increasing the
number of space dimensions. Imposing the transposition invariance to non-symmetric real expressions is
equivalent to imposing the hermiticity to complex expressions, which is widely used in modern physics.

Why denote the torsion-free expressions of General Relativity and supergravity with a hat on top ¢

The hat is a symbol of respect used to emphasize the importance of these expressions. The Christoffel
symbols are F = %g’\”(augm, + 0u9u0 — Osguv) » the Ricci curvature tensor is R w = Oy F — Oy F"

o 1m 4+ 17 F" and the torsion-free spin connection is Wy = 5€47(Iebo — Toepr) — 5657 (On€ao —

utt ov pvt ot

OsCa)) — lea ey’ (Oper® — OresS)ecy -

Why reject the field equation V,\gl_“7 = O\ — U290 — 720910 = 0 whose solution is F’\W = f/\w +

K,LL)\V with FA,uy = %gkg(a,ugm/ + 81/9“0 - 809;11/) and K)x,ul/ = KA[,uV] = %(Tk[pu] + T,u[)w] + Ty[,uA]) 7
First, this equation does not imply F/\(uu) =1 v When I' ’\[W] = 0, which complicates the expressions.
Secondly, K ’\[W] and T ’\[W] appear indirectly as part of the solution to the equation. Thirdly, why
privilege Vyg__ over Vag—+ , Vags— or Vg 7

nv 17 nv nv

Why prefer the field equation V,\gﬂ; = WG — U7 xgov — 17 2guc = —Axw) whose solution is F’\W =

F/\W + F/\[W] with F/\W = %9/\0(8#901/ + Ovgpo — Opguw) and Ty = %(A/\[W] + A+ Aupuny) ¢
First, this equation implies T’ ’\(W) =T ’\W even when T’ ’\[W] # 0 , which simplifies the expressions.
Secondly, K ’\[W] is avoided and A’\[W] appears directly in the equation. Thirdly, the requirement of
transposition invariance justifies the use of V ,\gz; over V ,\g;; , V,\g;;r or V ,\grﬁ .

Why use the complicated expression R, = 0,1, — %@Ffw — %&,FZ =I5, + 1,17, (or) ?

putt ov

This is to obtain the expression Vg, - = Or\guw — I'“yrgor — I'“Avgus in all cases. When g, = g,,, and
3%

AN v = A’\[W] , this “complicated expression” simplifies to R, = RW — [TW] E’T K

Why put wy(ap] = @xfab] + Uajay) @0 the definition of the Lorentz derivative Dye,* = 0,6, +w), e, ¢
This is to obtain the relation Dyeyq — Dyepa = Upjan] — Tofap] = Bap] = Tupa] + Tojun] = B - In
other words, wy[ap = Wx[ap] + T'A[ap] 18 merely an ansatz used to obtain the antisymmetric part of the field
equation V,\gﬂ; = —A\pu] -

Why leave undefined the covariant derivative V,, of the vielbein e,* ?

The torsion-free covariant derivative @“eya = lA?Hel,a — f"wega = Oue,* + @, %ce — f"wega =0 and
the Lorentz derivative De,* = 0,e," + wy,ce,” with wyap) = Wafap] + [afep) are sufficient to obtain the
field equation V ,\gz; = —A)u - Nevertheless, following [1](5) page 579, it is always possible to define

the “+—" covariant derivatives V“e;“ =Dye,* —17,,e,* and V“e;“ =Dye,* —19,,e,°
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